
JOURNAL OF SPACECRAFT AND ROCKETS
Vol. 35, No. 5, September–October 1998

Three-Dimensional Flow Computation Around a Projectile
Overtaking a Preceding Shock Wave
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A numerical simulation of the � ow� eld around a projectile overtaking a preceding shock wave is carried out
by solving the three-dimensional, thin-layer Navier–Stokes equations. A domain decomposition method with the
forti� ed solution algorithm interface scheme is used to supply reasonable grid con� gurations for such an unsteady
� ow� eld. Computed results show that complicated interaction � ow� elds are observed while overtaking the shock
wave. The results of the two- and three-dimensional � ow� eld computations are compared, and the characteristic
features of the three-dimensional � ow� eld are shown. Time histories of the aerodynamic forces show that the
projectile suffers strong asymmetric forces while overtaking the shock wave, which may make the trajectory of the
projectile unstable.

Nomenclature
CD = drag coef� cient, [D=.1=2½0U 2

p Sb/]
Cmy; Cmz = moment coef� cients around x and y axes
C p = pressure coef� cient, [.p ¡ p0/=.1=2½0U 2

p/]
C y; Cz = lateral force coef� cients
c0 = speed of sound in the ambient air
c2 = speed of sound behind the preceding shock wave
E, F, G = � ux vectors
Mp0 = projectile Mach number with respect to the ground,

(Up=c0 )
Mp2 = relative projectile Mach number with respect to the

� ow behind the shock wave, [.Up ¡ u2/=c2]
Ms = shock Mach number, (Up=c0)
Q = vector for conservativevariables
Q f = forti� ed solution; see Eqs. (2)
Sb = base area
Sv = viscous � ux vectors
Up = velocity of the projectile
Us = speed of the preceding shock wave
u2 = � ow velocity behind the shock wave
Â = switching parameter; see Eqs. (2)
Á = circumferential angle, deg; see Fig. 6

Introduction

W HEN a projectileovertakesa precedingshock wave from be-
hind, complex shockwave interactionoccurs in the � ow� eld

around the projectile. The projectile experiences a rapid variation
of aerodynamic forces as it goes through the shock wave from the
high-pressure region to the low-pressure region. The rapid change
of aerodynamicforces may make the trajectory of the projectile un-
stable after the projectileovertakes the precedingshock wave. Such
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a � ow� eld is observed near the outlet of a ballistic range facility
when the launched projectile overtakes the preformed blast wave
(Fig. 1). Here, improvement of shot precision is needed for experi-
ment accuracy.The same type of � ow� eld is also observed near the
muzzle, where many experiments and theoretical studies have been
carried out in the past.1;2 However, most of the studies pursued the
investigationof the � ow� eld over practicalcon� gurations,and there
has been little discussion on the fundamental phenomena observed
in such � ow� elds. An experimental study is dif� cult because of the
short duration time of the phenomenon. Estimating aerodynamic
forces is also dif� cult in experiments. Thus, numerical simulations
are suitable for research of such � ow� elds.

The presentauthorscarriedout � ow simulationsbasedon the two-
dimensional Euler equations and showed some fundamental � ow
features peculiar to overtaking the shock wave.3 One of the most
interesting features of such shock overtaking � ows is that the � ow-
� elds are classi� ed into two cases, supersonic overtaking and sub-
sonic overtaking, according to the velocity difference between the
projectileand the precedingshock wave. These two caseswere con-
sidered,and thedifferenceof thecomputed� ow� eldswas discussed.
The viscous � ow computation4 was also carried out around a blunt-
based projectileby solving the two-dimensional,thin-layerNavier–
Stokes equations to clarify the interaction between the shock wave
and thewake � ow. Computedresultsshowed that the � ow� eld of the
subsonicovertakingcase is more complicatedthan that of the super-
sonic overtaking case because the preceding shock wave intensely
interactswith the asymmetric wake vortex streetwhen the projectile
base passes throughthe shockwave. Althoughthe fundamental� ow
characteristicswere clari� ed by the two-dimensional� ow computa-
tions, the � ow� eldobtainedmay bedifferentin threedimensionsbe-
cause the shape of a launchedprojectile is cylindrical.Thus, further
investigationis necessary,basedon the three-dimensional� ow com-
putation. In the present paper, three-dimensional� ow� elds around
the projectile overtaking the preceding shock wave are considered,
and the transient shock interaction � elds are investigated by solv-
ing the unsteady Navier–Stokes equations.The aerodynamicforces
acting on the projectile are also investigated.

To supply reasonable grid con� gurations for such � ow� elds, the
zonal grid approach,combined with the forti� ed solution algorithm
(FSA),5 is used.A local � ne grid is preparedaroundthe projectilein
addition to the global grid, which covers the whole computational
region. In addition, a relatively � ne grid is prepared to adequately
capture the shock/shock interactions and the shock/vortex interac-
tions near the projectile.
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Fig. 1 Flow� eld around the outlet of a ballistic range.

Fig. 2 Schematic of the � ow� eld.

Flow� eld
Figure 2 shows the schematic of the simulated � ow� eld. It con-

sists of a propagating normal shock wave and a moving projectile.
The projectile, which moves faster than the preceding shock wave,
overtakesit frombehind.As the projectilemoves in thevelocity� eld
induced by the preceding shock wave u2 , the projectile speed rela-
tive to the � ow behind the precedingshock wave may becomeeither
supersonicor subsonic,although the projectilemoves at supersonic
speed relative to the ground. The � ow� elds are classi� ed into two
cases accordingto the velocitydifferencebetween the projectileand
the preceding shock wave.

Supersonic Overtaking
The velocity relations are plotted in Fig. 3 in terms of the Mach

numbers. Here, the abscissa indicates the shock Mach number Ms ,
and the ordinate indicates the projectile Mach number with respect
to theground Mp0. The relativeprojectileMach numberwith respect
to the � ow behind the shock wave Mp2 can be calculated using the
normal shock relations. When the projectile speed is much higher
than the preceding shock speed, Mp2 is supersonic. We call this
situation supersonic overtaking. It occurs in the region above the
dashed line in Fig. 3. The dashed line indicates the case in which
Mp2 becomes unity.

Subsonic Overtaking
The case in which Mp2 becomes subsonicis called subsonicover-

taking,and it occursin the regionbetween the solid and dashed lines.
The solid line indicates the case in which the shock wave and the
projectile move at the same speed. In the region bellow the solid
line, the projectile never overtakes the preceding shock wave, and
it is not of interest here. The � ow Mach number around the pro-
jectile suddenly increases when the projectile passes through the
preceding shock wave because the projectilebecomes free from the
velocity reduction effect due to the shock-induced� ow. In the case
of supersonicovertaking,the Mach number changes from lower su-
personic to higher supersonic,whereas it changes from subsonic to
supersonic in the case of subsonic overtaking.

These two cases were investigated in the two-dimensional � ow
computations,3;4 and it was found that the aerodynamic forces vary
more than those for the supersonic overtaking case. Because our

Fig. 3 Mach number relations behind the preceding shock wave.

� nal interest is focused on the projectile behavior, we focus on
the subsonic overtaking case in the present three-dimensional� ow
computation.

Numerical Method
The basic equations are the unsteady three-dimensional, thin-

layer Navier–Stokes equationswritten in the generalizedcoordinate
system:

@t
OQ C @»

OE C @´
OF C @³

OG D Re¡1@³
OSv (1)

A domain decompositionmethod with the FSA interface scheme
is used to resolve the unsteady interaction between the projectile
and the preceding shock wave. The FSA is an interface scheme to
transferphysicaldata between zonal grids.When the FSA is applied
to the basic equations, they are rewritten as

@t
OQ C @»

OE C @´
OF C @³

OG D Re¡1@³
OSv C Â. OQ f ¡ OQ/ (2)

The fortifying solution OQ f is added as the forcing terms to
the right-hand side with the switching parameter Â . When Â is
suf� ciently large, the solution is forti� ed to be OQ f , in other words,
OQn C 1 D OQ f . When Â is zero, the equationsgo back to the original

Eqs. (1). Thus, we can overlay the fortifying solution OQ f onto the
solution OQ by setting the Â parameter to be large in the appropri-
ate region. The solution obtained with the � ner grids or the other
zones having higher priority is implemented on OQ f . Modi� cation
to the lower–upper alternatingdirection implicit factorizationtime-
integration algorithm6 that is used in the present computation and
further descriptions are given in Ref. 5.

The convective terms are discretized with Roe’s � ux differ-
ence splitting, and higher-order space accuracy is obtained using
MUSCL, theprimitivevariableinterpolation.7 The viscoustermsare
evaluatedby central differencing,and the eddy viscosity is modeled
by the Baldwin–Lomax turbulence model.8

Computational Grids
Figure 4 shows the zonal grid arrangement used. The computa-

tional domain is divided into three zones: the zone around the pro-
jectile, the global zone, and the intermediate zone. The projectile
grid resolves the boundary layer attached to the projectile surface
and the unsteady shock/boundary layer interactionobserved during
the overtaking. The intermediate zone is introduced for capturing
the unsteadyshockwave interactionsobservedaround the projectile
throughout the overtaking.Another important function of the inter-
mediate zone is to reduce the interpolation errors due to the large
difference of the grid size between the global and the projectile
grids. The numbers of the grid points are [126.» / £ 55.´/ £ 35.³ /]
for the projectile grid, (111 £ 55 £ 51) for the intermediate grid,
and (62 £ 43 £ 45) for the global grid. The total number of the grid
points is 673,875. In the present computation, viscous effects are
only taken into account in the projectile zone with the thin-layer
approximation.Euler equations are used in the other zones.

The details of the projectilegrids are shown in Fig. 5. The coordi-
nate system and the notations are given in Fig. 6. An axisymmetric
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Fig. 4 Zonal grid arrangement.

Fig. 5 Grid distribution around the projectile.

Fig. 6 Coordinate system and
notations.

blunt-based projectile, which has an ogive cylinder con� guration,
is considered to clarify the interactionbetween the shock wave and
the wake � ow� eld. The chord length of the projectile is taken to
be 1.0, and the diameter of the base is 0.1. The O–O-type grids
are distributed around the projectile by the hyperbolic grid genera-
tion method. The minimum spacing at the wall is 2:0 £ 10¡5 in the
normal ³ direction, which is suf� cient for capturing the turbulent
boundary layer. (The Reynolds number is set to be 1:0 £ 105 based
on the projectile diameter.) The H–O-type grids are distributed for
the intermediate and the global zones by the algebraic grid gener-
ation method. The whole computational region of the global zone
ranges from ¡1:5 to 5:0 in the x direction and from ¡10:0 to 10:0
in the y and z directions.The leading edge of the projectile is taken
to be the origin of the coordinates � xed to the projectile.

Calculation Procedure
In the case of subsonicovertaking,the unsteady� ow computation

should be started with the initial projectile location far enough from
the preceding shock wave because the perturbationof the projectile
propagates to the front and the preceding shock wave is in� uenced
by the projectileas it approachesthe shock wave. However, it would
requireenormouscomputer time. Thus, the steady� ow computation
is carried out in advance to set up an approximate initial solution
for the followingunsteadycomputation.The unsteady � ow compu-
tation starts with the preceding shock wave located 1.0 in front of
the projectile.

A no-slipwall conditionis usedon the projectilewall.All physical
variables are extrapolatedat all of the boundaries of the global grid
except the in� ow boundary, where its conditions are � xed to the
state of the uniform supersonic � ow.

Computed Results
The � ow conditions are as follows: The Mach number of the pre-

cedingshockwave Ms is 1.5. For this shockMach number, subsonic
overtakingoccurs when the projectile Mach number with respect to
ground Mp0 is less than 1.84. Mp0 is taken to be 1.7 in the present
case, and the relative projectile Mach number with respect to the
� ow behind the shock wave Mp2 becomes subsonic (D 0:87). The
integration time step is 2:0 £ 10¡4 in nondimensional time so that
the unsteadinessof the � ow� eld is properly captured.

Figures 7a–7e show a series of density contour plots on the cross
section y D 0. Figure 7a shows the initial state of the unsteady � ow
computation (t D 0:00). Because the � ow� eld around the projec-
tile is subsonic until the projectile overtakes the preceding shock
wave, the typical subsonic � ow features, such as the asymmetric
wake � ow, are observed. When the projectile overtakes the preced-
ing shock wave, it starts coming out to the still air, and then the
conical shock wave is generated from the nose (Fig. 7b; t D 7:05).
Both the subsonic and supersonic � ow� elds are observed across
the preceding shock wave. Namely, the � ow� eld around the pro-
jectile changes from subsonic to supersonic during the overtaking
process. As already mentioned, this transition is observed only in
the case of subsonic overtaking, and the � ow� eld is distinguished
from other shock/projectile interactions.Another interestingobser-
vation in Fig. 7 is that boundary-layerseparationoccurs on the sur-
face, where the foot of the preceding shock wave is attached. This
boundary-layerseparationwas not observed in the two-dimensional
subsonic overtaking cases.3;4 To show the difference clearly, the

a) t = 0.00 c) t = 9.30

b) t = 7.05 d) t = 10.80

e) t = 22.75

Fig. 7 Density contour plots around the projectile: y = 0.
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density contours of the two-dimensional � ow� eld are plotted in
Fig. 8. Comparing the contourplots in Fig. 8 with Fig. 7b, it is found
that the degree of the shock/shock interaction is stronger in the two-
dimensional� ow� eld. The difference is because two different types
of nose shock waves are formed. In the two-dimensional � ow� eld,
the nose shock is the oblique (plane) shock wave, whereas it is the
conical shock wave in the three-dimensional� ow� eld. Because the
shock strength of the conical shock wave is weaker than that of
the obliqueshockwave, the pressurerise across the nose shockwave

Fig. 8 Result of two-dimen-
sional� ow computation(density
contours).

Fig. 9 Comparison of the Cp distributions.

Fig. 10 Density contours on the
cross section z = 0, t = 10.80.

a) t = 9.75 b) t = 10.50 c) t = 10.80

Fig. 11 Magni� ed views near the base; density contours on y = 0.

is lower in the three-dimensionalcase, as seen in the plot of the sur-
face pressure comparison (Fig. 9). In addition, the pressure behind
the preceding shock wave in the three-dimensional case is higher
than in the two-dimensionalcase because the � ow expansionalong
the three-dimensional body is weaker than in the two-dimensional
case. As a consequence, the projectile surface experiences the high
adverse pressure gradient in the three-dimensional � ow� eld seen
in Fig. 9. The pressure ratio across the preceding shock wave on
the projectile surface is about 7 in this C p plot, which is 2.2 in the
pressure. Although experimental evidence is required for the exis-
tence of the boundary-layer separation, it may occur under such a
high adverse pressure gradient. The separation region develops as
time passes. In Fig. 7c (t D 9:30), it is observed that the preceding
shock wave is bifurcated due to the � ow separation. Around time
t D 9:4, the projectile base passes through the rear foot of the pre-
ceding shock wave, as shown in Fig. 7d (t D 10:80). At this time, the
� ow� eld around the base is disturbedby the interactionbetween the
overtakenvortex ring and the projectile base, and the � ow asymme-
try appears.Similar asymmetry is also observedon the other section
z D 0, as shown in Fig. 10 (t D 10:80).

Because such an asymmetric � ow� eld induces the asymmetric
forces on the projectile body, it is important to understand the de-
tail of the interaction � ow� eld. Figures 11a–11c show magni� ed
views near the base around the time when the interactionoccurs. In
Fig. 11a, the projectile base is passing through the rear shock wave
and begins to interactwith the separationvortexattachedto the foot.
Once the base has overtakenthe separationvortex, another counter-
rotating vortex is formed at the base corners, as seen in Fig. 11b. To
help understand the formation process of the interaction � ow� eld,
the schematic of the � ow� eld is shown in Fig. 12, and velocity vec-
tors relative to the speed of the projectile on the cross section y D 0
are plotted in Fig. 13. The vortex ring induces the strong reverse
� ow toward the base wall, as seen in Fig. 13, and the � ow impinges
on the base wall. As a result, the impinging shock wave is formed

Fig. 12 Schematic of the interaction � ow� eld.
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Fig. 13 Velocity vectors on the cross section y = 0, t = 10.50.

Fig. 14 Comparison of the Cp distributions, t = 10.80.

between the base and the vortex ring. The direction of the induced
� ow is turned at the base wall toward the base corners, and then the
corner vortex is formed due to the separation at the corners. The
degree of the � ow asymmetry is ampli� ed by the interaction and
the instability of the vortex ring itself. Thus, the � ow� eld around
the base becomes highly asymmetric, as shown in Fig. 11c. The
asymmetric � ow� eld causes the pressure difference on the projec-
tile surface near the tail, and it is observed in Fig. 14. It shows the
pressure distributions along the four radial locations on the body
surface.Large moment forces may be inducedaround the projectile
as the asymmetric forces occur near the tail.

Considering that the apparent � ow� eld asymmetry was not ob-
served in the supersonic overtakingcase (not shown here), it seems
that the � ow� eld asymmetry observed here comes from the wake
� ow asymmetry and the interaction between the separation vortex
and the projectile base. Although there are some numerical sources
for the asymmetry (the factorization errors of the implicit time in-
tegration, the small asymmetry of the metrics or the Jacobians),
the computed � ow� eld becomes asymmetric, which is proper as a
physical solution.

After overtaking the preceding shock wave, the projectile moves
in the atmospheric air with supersonic speed followed by the
axisymmetric wake. However, it takes a long time before the
complete supersonic � ow� eld is established because the � ow� eld
around the rear portion of the projectile is disturbed by the interac-
tion � ow� eld (see Fig. 7e; t D 22:75).

Aerodynamic Force Histories
Because our interest is focused on the projectile behavior during

overtaking,it is important to analyze the time history of the aerody-
namic forcesactingon theprojectile.Figure15a is the time historyof
the x-component force nondimensionalizedby the base area. The
drag force is almost constant until the projectile reaches the pre-
ceding shock wave, and it starts decreasing at that time. The rapid
reduction of the drag force is the distinctive feature of the � ow� eld
observedwhen the projectileovertakesthe shock wave frombehind.
It is due to the pressure drop on the part of the projectile that has

a) x Component force

b) Lateral forces (z and y components)

Fig. 15 Time histories of the aerodynamic force components.

Fig. 16 Variation of the Cp distribution.

overtakenthe precedingshock wave. Figure 16 shows the variations
of the pressure distributions along the base and the front portion of
the projectile. The negative CD value after t D 6:0 comes from the
inversion of the pressure level between the base and the front por-
tion. This state continues until the projectile becomes free from
the � ow� eld disturbed by the interaction with the preceding shock
wave. However, the projectile base is still under the in� uence even
though it goes far forward (Fig. 7e; t D 22:75), and the base pressure
is higher than that of the front portion (Fig. 16). Thus, the CD value
is still negative at this time. However, it should become positive if
we continue the computation further, and the complete supersonic
� ow is establishedaround the projectile. The steady � ow computa-
tion under the condition that the projectile is in uniform supersonic
� ow (M1 D 1:7) indicates that the asymptotic CD value is 0.34.
Further computation is not carried out because of the insuf� cient
computational domain. Also note that the resultant aerodynamic
force coef� cients might be different from those obtained in a real-
istic � ring test because no velocity/attitude change of the projectile
is presently considered. However, it is reliable that the drag force
shows a rapiddecreaseduring the overtaking.The negativedrag and
the accelerationdue to this may occur dependingon the velocity re-
lations, but its in� uence on the projectile trajectory may be small
because the real time is very short. The nondimensionaltime t D 24
corresponds to t D 6:9 ms if we assume the projectile length to be
10 cm.

Figure 15b is the time historyof the lateral forces (z and y compo-
nents)nondimensionalizedby thebasearea.The Cz , which is plotted
as the solid line, starts decreasing when the base of the projectile
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Fig. 17 Correlation between Cy and Cz.

Fig. 18 Density contours on the cross section x = 0.95, t = 10.80.

passes through the separationvortex (t D 8:0) and shows the period-
ical variations after time t D 10:0. On the other hand, the history of
C y , which is plottedas thebrokenline, shows only the rapiddecrease
at t D 8:0 and the rapid increaseat t D 10:5. The differencebetween
these two force componentscomes from three dimensionalityof the
� ow� eld around the tail.

To understand the behavior of the forces on the x D const: plane,
the correlationbetween Cy and Cz is plotted in Fig. 17. This scatter
plot shows the time variation of the direction and the magnitude of
the aerodynamic force. Because the points are plotted in the same
time intervals, the coarser distribution of the points means faster
variation. The distance from the origin to the point is the strength
of the force acting on the projectile. The rate of variation is largest
when it moves from the second quadrant to the fourth quadrant,
which corresponds to the time about t D 11. Further, the strength
of the force shows a maximum value at t D 11:3. The reason the y
componentbecomeslarger than the z componentis that the � ow� eld
on the cross section z D 0 is more asymmetric (see Figs. 7d and 10).
This � ow� eld asymmetry can be clearly seen in the density contour
plot on the cross section x D 0:95 (Fig. 18; t D 10:80). The location
of the section is indicated as the solid line in Fig. 11c. The high-
density (pressure) regions appear on the upper and lower surfaces,
whereas there is only the low-density region on the Cy side of the
projectile.

For more detailed analysis of the projectile behavior, it is impor-
tant to investigatethe history of the moment forces.Figure 19 shows
the time historiesof the moment force componentsaround the z and
y axes.They are nondimensionalizedby the base area and the chord
length. The origin of the moment forces is taken to be the leading
edge of the projectile. The Cmy (solid line) and Cmz (broken line)
show the same behavior as Cz and C y respectively.The positive Cz

causes thenegativeCmy , which headsdownward, and the positiveCy

causes the positive Cmz as the forces act on the rear portion. These
moment force variations are also due to the interaction between the
vortex ring and the projectilebase as shown earlier.Periodical struc-

Fig. 19 Time histories of the moment force components.

Fig. 20 Drag histories; effect of grid spacings.

ture exists in the wake even before the overtaking, as can be seen in
Fig. 7b. The periodic variation of the moment forces that occur due
to this can be seen as a variation before t D 8:0 in Fig. 19. It is clear
that the strengthof the moment forces for the overtakingis an order
of magnitude larger.

Trajectory Estimation
The trajectory of the projectile can be estimated approximately

by integrating the dimensionalized force/moment histories in time.
Here, we assume the material of the projectile is steel (density D
7:87 £ 103 kg/m3), and its length is 10 cm. Then, the mass of the
projectile is 47.4 g. The estimated displacements in the y and z di-
rections during the overtaking (about 5.0 ms) are ¡5:0 £ 10¡2 and
¡3:0 £ 10¡2 mm, respectively. It seems that the variation of the
aerodynamic forces causes no signi� cant contribution to the pro-
jectile trajectory. However, the de� ection of the body axes due to
the moment variation may create more displacement in a realistic
situation.The estimated angular de� ections around the y and z axes
during the overtakingare C1:0 £ 10¡3 and C1:2£10¡3 rad, respec-
tively. Also note that the rate of the moment variation is very fast,
i.e., the angular velocity becomes large. The maximum value of the
angular velocity during the overtaking is 0.8 rad/s in the present
computation.

Effects of Grid Spacings
To check the accuracy of the computed results, the effects of

the grid spacing are investigated by changing the grid spacings of
the projectile grid. The number of grid points of the projectile grid
is reduced from .126 £ 55 £ 35/ to .64 £ 55 £ 25/, and the mini-
mum spacing on the projectile surface is changed from 2:0 £ 10¡5

to 5:0 £ 10¡5 . Figure 20 shows the comparison of the drag force
histories.Although some discrepancy(up to 30%) is observed after
the base has overtaken the separation vortex at t D 9:0, the reduc-
tion of the grid pointshas no effect on the qualitativebehaviorof the
drag force history. The present computationhas suf� cient accuracy
to clarify the fundamental � ow characteristicsobserved in the shock
overtaking � ow� eld, which is the purpose of the present paper.

Conclusion
Numerical simulationsof the � ow� eld aroundthe projectileover-

taking the preceding shock wave are carried out by solving the
three-dimensional, thin-layer Navier–Stokes equations. The sub-
sonic overtaking case is examined. The computed results show the
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transition of the � ow� eld from subsonic to supersonic,which is the
inherent nature of subsonic overtaking. The differences between
the three- and two-dimensional � ow computations are shown. The
most distinctive phenomena are that there exists a strong adverse
pressure gradient in the three-dimensional case and the boundary-
layer separationis observed.The con� gurationand the formationof
the interaction � ow� eld between the overtaken vortex ring and the
projectile base are clari� ed. From the time histories of the aerody-
namic forces,it is found that the projectilesuffers strongasymmetric
forces during the overtaking due to the interaction. The results in-
dicate that the projectile path trajectory may be strongly disturbed
during the overtaking.
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